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Abstract

This article presents an empirical study regarding the hy-
pothesis that higher diversity in initial populations for Ge-
netic Algorithms can reduce the number of iterations re-
quired to reach an optimum and potentially increase solu-
tion quality. We develop the empirical study using some
theoretical functions addressed by other researchers such
that the input to the Genetic Algorithm is populations of
differing diversity. It is expected that the effort in analyz-
ing the initial population with a diversity measure is going
to be compensated for by reducing the number of iterations
required and perhaps improving solution quality.

1. Introduction

Genetic Algorithms (GAs) have been used for optimiza-
tion, automatic programming, data analysis and prediction,
genomics, evolutionary neural networks, and so forth [16].
Reducing computation time needed to reach optimal solu-
tions would be beneficial. It is expected that if the initial
population is more diverse, then the performance of the al-
gorithm may be improved [3, 23].

Usually the initial population is generated randomly and
sized empirically [6]. The use of diversity can help to ad-
dress the population size, at least for problems where di-
versity can be determined [5]. Our purpose in this article
is, then, to do an empirical study regarding the relationship
between diversity in an initial population and GA perfor-
mance. To do this, operators are going to be maintained as
suggested by previous studies in order to see the impact of
the input on the output.

2. Previous Work

It is recognized that diversity is important in evolution-
ary computation [3, 23, 11] both to avoid premature conver-

gence [7, 13] and as a stopping criterion [2]. The literature
regarding population size is rich [17, 18, 15, 14, 10, 12, 22,
7] and important because the initial population provides di-
versity to the GA [1, 18, 4]. If the population’s diversity is
not high enough, then it could be that an optimum cannot
be reached [17, 18, 12, 11, 7]. Further, if the population
is quite large then the algorithm could expend more com-
putation time in finding solutions [15, 14, 10, 12, 11]. Ad-
ditionally, the quality of the input is quite important. The
initial population problem is to provide the building blocks
necessary to solve the problem [8]; if there are not enough
building blocks, then it is almost impossible for the algo-
rithm to reach the goal [10].

Many efforts have been made toward solving the prob-
lem of population size but, because population size depends
in part on the difficulty of the problem to be solved [17, 22,
10], it remains an open problem [18]. However, as popula-
tion size is quite important for the efficiency of evolutionary
algorithms [11, 18, 4], various empirical methods have been
proposed and some success reported [6], like the use of self
adaptation [10, 21], which basically uses varying popula-
tion size and may be the most prominent result until now.

3. Diversity Metrics Used

Diversity measures the variety of or difference between
objects compared. Diversity can be measured at the gene-
level, chromosome-level, and population-level and various
metrics may be used to measure diversity at these levels [5].

Gene-Level Diversity. Entropy is defined to be

l
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where p is the population, [ is the chromosome length, and
H; is the Shanon Entropy [20] for locus j of the entire pop-
ulation. H; = — vazl Dij * logap;; where N is the popu-
lation size. The range of diversity values at the gene-level
is [0, 1], where 1 is greater diversity.
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Table 1. Case I: Structured Initial Population.
Perfect Population Diversity, Center of Mass
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Chromosome-Level Diversity. The neighborhood av-
erage is defined to be
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where C,,, the pivot chromosome for which the measure is
calculated, Ny (Cr,) = {C; € {0,1}|pu(Cn, C;) = k},
pp is the Hamming distance, and | Ny (C,,)| the cardinal-
ity of Ni(Cpp,), i.e., the number of neighbors of C,, at a
Hamming distance & in the population [2].

The range of diversity values at the chromosome-level is
[0, ], where [ is higher; however, theoretical work suggests
that values greater than //2 could be considered “good” for
some problems [5].

Population-Level Diversity. The center of mass for x
with respect to 1 is defined to be
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where j is the column position where the allele has value 1,
and 7T is the number of those alleles!. Equation 3 is, then,
summing the coordinate positions j (row by row for each
column with respect to an origin (0,0), where alleles are
1’s in the entire population) and averaging by the number
of those points. Formulas for the y coordinate with respect
to 1, and for the center of mass with respect to 0, are similar.
It seems that a good diversity value is reached when
(@1,71) = (To.Yo) = (5 + 2,2 + 1) [5]. However, just
one dimension (i.e., T or ) can be evaluated and, in each
dimension, 1 or 0 or both may be considered.

IThe initial population can be seen as a Cartesian system with the origin
(0, 0) at the top left corner. The first gene is at position (1, 1).

l H Code/Chromosome

#
1{000000000000000
2(000000011111111
3(/000111100001111
41000111111110000
5(011001100110011
6
7
8
9

011001111001100
011110000111100
011110011000011
101010101010101
10(101010110101010
11101101001011010
12[101101010100101
13(110011001100110
14(110011010011001
15(110100101101001
16(110100110010110

Table 2. Case llI: Structured Initial Population.
Perfect Gene Diversity, H(P(0)) = 1.0.

4. Empirical Study

The input to a GA is an initial population, so it would be
useful to test how the initial population affects the perfor-
mance in terms of the number of iterations needed to reach
an optimum and the quality of solutions found.

4.1. Error-Detecting Codes

Reeves [19] presents an interesting case of a structured
initial population for error detecting. Here the population
size is small and the initial random generation of the popu-
lation is not sufficient for the solution of the problem. The
populations in Tables 1 and 2 show two cases [19].

In Table 1 each column and each row has 5 ones and 6
zeros. Diversity measured at the gene-level is 0.9940. At
the chromosome-level, the diversity is 6. Finally, at the
population-level, (Z1,7;) = (To,7y) = (6,6). Looking
at the gene-level, the measure is above 0.99; with a pop-
ulation size of 10, that can be considered good. This fact
is reinforced with the values obtained at the chromosome-
level and population-level being “perfect” (see Section 3).
The pivot used in Equation 2 was the fifth member of the
population in Table 1; it turns out that any pivot used has 10
neighbors at a distance of 6.

For comparison, 11 codes of length 11 were generated
randomly. Table 3 shows the corresponding diversity val-
ues. None score as high in diversity as the ones obtained
with the structured population. For example, T was always

equal to 6.00 but that never was the case for ;2.

2Not all Z; are in Table 3; however, none of them is equal to Tg.



l Metric H Maximum ‘ Minimum ‘ Average ‘ Std. Dev. ‘
[ Enropy [ 098 | 083 | 093 | 003 |
[Neighbors[[ 544 | 460 | 533 | 015 |

(z1,y1) |(6.61,6.83)](5.43,5.39)](6.07,5.96) ] (0.28,0.35)
(z0,y0) |(6.00,6.62)](6.00,5.38) | (6.00,6.06) | (0.00,0.32)

Table 3. Measuring a Random Initial Popula-
tion of 11 Individuals. Chromosome Length
11. 30 Runs.

l Metric “ Maximum [ Minimum [ Average [ Std. Dev. ‘
[ Entopy [ 099 [ 091 [ 095 [ 002 |
[Neighbors[[ 635 | 573 | 607 | 020 |

(z1,y1) |[(8.47,9.38)(7.38,8.10) | (7.99,8.59) | (0.31,0.31)
(z0,y0) |[(8.00,8.92)(8.00,7.67) |(8.00,8.42) | (0.00,0.30)

Table 4. Measuring a Random Initial Popula-
tion of 16 Individuals. Chromosome Length
15. 30 Runs.

In Table 2, the population has 8 ones and 8 zeros in each
column, and 8 ones and 7 zeros in each row except for row
1 which has all zeros. Diversity measures at the gene-level
result in a perfect value of 1.00; at the chromosome-level
the diversity value is 8 (it should be noted that all mem-
bers of the population are at a Hamming distance of 8, in-
dependent of the pivot used); and, at the population-level
(Ehyl) = (879) and (EODgO) - (878)

For comparison, 16 individuals of length 15 were gen-
erated randomly. The corresponding diversity values are in
Table 4. There were not “good” diversity values like the
ones obtained with the structured population in Table 2. For
instance, the maximum gene-level diversity was 0.99 vs.
1.00 for the structured.

4.2. The One-Max Function

A common theoretical problem for GAs is to find a chro-
mosome of all ones starting from an initial random popu-
lation. Harik and Lobo [10] tested the one-max function
using an optimal GA in order to compare results with a
“parameter-less genetic algorithm.” The optimal GA has
the following parameters with no mutation involved: chro-
mosome length 100, tournament size 2, and probability of
crossover 1 [10]. These authors reported, on average, 2, 500
function evaluations with the optimal GA and 7,400 with
the “parameter-less genetic algorithm,” performing 20 runs.

Our test is performed over 30 runs, i.e., using 30 differ-
ent seeds. The tests run the algorithm until it reaches the
maximum or gets stuck, i.e., a column of zeros is encoun-
tered. Figure 1 shows how the entropy measure influences
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Figure 1. Entropy Measure vs. Quality of the
Solution. One-Max Function. 30 Runs.

the average quality of the solution. For entropy values less
than 0.98299 (population size less than 42) almost no run
finds the optimum. For entropy values between 0.983887
and 0.993427 (population sizes between 44 and 110), at
least one run finds the optimum. For entropy values be-
tween 0.993573 and 0.995 (population sizes between 112
to 144), almost all find the optimum. Finally, the algorithm
always converges to the maximum for entropy values aver-
aging above 0.995 for the test set described previously.

4.3. Deceptive Functions

Deceptive functions have at least one heavy attractor to-
wards a local minimum [9], such as

F(I) =4 (#0nes — 75), if #0nes >="75

F(I) = —#O0nes + 75,  otherwise. S

Similar tests to those in Section 4.2 were performed with
a chromosome size of 100, 30 runs, (i.e., using seeds from 1
to 30), selection pressure of 2, crossover probability of 1.0,
a mutation rate per bit of 0.002, and two stop criteria: when
the algorithm reaches a local (or global) maximum or when
gene-level diversity reaches 0. Figure 2 shows the corre-
sponding relationship between entropy and average solution
quality. The algorithm converges to the local maximum.

As genes were generated uniformly randomly, almost all
the individuals are in the neighborhood of 50, and effec-
tively the metric, as in Equation 2, measures an average of
N(C,,) = 49.99 with a standard deviation of 0.019, over
population sizes from 24 to 100. If that is the case, then it
is expected that almost all the members of the population
are going to lie in the neighborhood of the local maximum
according to Equation 4. The algorithm is then trapped in
the local maximum, as the empirical study shows.
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Figure 2. Entropy Measure vs. Average
Quality of the Solution. Population Size
> 2 < 722. Equation 4. Average on 30 Runs.

In order to analyze the initial random population for this
case, it is interesting to know the number of ones generated
for each chromosome and take the maximum. For popu-
lation size 100 the max(max) over 30 runs was 68, with a
standard deviation of 1.88. As the max(max) obtained is
less than 75 then there is no chance for the GA to climb to
the global maximum according to Equation 4 with the ac-
tual set of parameters. However, one possible question that
can arise now is, can the number of individuals in the initial
population and selection pressure help Equation 4 to climb
to the global optimum with the same operators? Tests were
performed over 100, 1,000 and 5, 000 individuals with the
same 30 seeds and a tournament selection pressure of 70.
There was no improvement in the quality of the solution,
nor in the average of the number of function evaluations.

Two more deceptive functions were tested in order
to check the impact of selection pressure in finding the
global maximum. Equation 4 was changed in the range of
#O0nes < 75 as in Equations 5 and 6.

F(I) = 4% (#0nes — 75), if #0nes >= 175 )
F(I) =175, otherwise

F(I) =4 (#0nes — 75), if #0nes >= 75 ©)
F(I) = #O0nes, otherwise

First, the fitness function is set as a constant equal to 75
for individuals with #Ones < 75 (see Equation 5); sec-
ond, the fitness function is set to #Ones in the same range
(see Equation 6). With 100 uniform randomly generated
chromosomes, with a selection pressure of 100, probability
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Figure 3. Entropy Variation when Fitness Set
to 75 when #Ones < 75. Equation 5. Step
Size 10 Generations.

of crossover of 1 and mutation of 0.01, the algorithms di-
verged. The selection pressure was chosen as 100 just to
show that even with the highest selection pressure, the de-
ceptive functions presented prevent the GA from climbing
to the global maximum. Tests were repeated with a mu-
tation of 0.002 and the behavior of the algorithm was the
same. Figure 3 shows the variability of entropy when the
fitness function is set to 75 for #0nes < 75. The same
variability of entropy was observed using Equation 6. The
algorithm diverged in both cases for the test set established.

5. Analysis of Results

For the error detection codes presented in Section 4.1,
the population in Table 1 shows good diversity measures at
the chromosome-level and the population-level. The ques-
tion, then, is why was the gene-level diversity measure not
perfect (i.e., equal to 1)? It is because each column has
5 ones and 6 zeros—the population size is 11. In Table 2
(population size 16 and code length 15) a perfect score is
obtained at the gene-level (each column has 8 ones and 8
zeros), a perfect score is obtained at the chromosome-level
(average Hamming distance is equal to 8 = [/2 + 1/2),
and a perfect diversity measure is obtained at the population
level with respect to 0. However, with respect to 1 the re-
sultis (Z1,7;) = (8,9), i.e., the metric shows that there are
more ones located toward the “bottom” of the population (y
coordinate). This is true because the first row in Table 2 is
all zeros and the last one is all ones (as it was built [19]).

For the one-max function presented in Section 4.2, as
population size grows and, likewise, diversity values in-
crease, the quality of the solution is improved. However, if
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Figure 4. Population Size vs. Function Eval-
uations. Population Size > 30 and < 342. 30
Runs.

the population size is greater than 100, and likewise the en-
tropy value, then the number of function evaluations grows
linearly, as is shown in Figure 4, where a population size
of 342 was selected®. So, in this case, a “good” entropy
value (0.997) was not good for the performance of the al-
gorithm in terms of the number of function evaluations to
reach the global optimum. Having more individuals in the
population, above 100, just gives more function evaluations
to the algorithm. However, in those cases, there is almost a
guarantee of convergence to an optimum, as was stated in
Section 4.2.

Besides our interest in knowing the general trend for
population sizes greater than 100, it would be nice to know
what happens to the linear trend that Figure 4 has when the
population size is less than 100. To do this, the GA contin-
ues with the same parameters, the same 30 runs, and when
the algorithm reaches an entropy of 0 with a specific seed,
then the population is reinitialized using the same seed and
the same number of individuals. It should be emphasized
that in the reinitialization the pseudo-random generator is
not reinitialized because if it was reinitialized then the algo-
rithm is going to reach the same state again. The pseudo-
random generator creates new populations until the GA ar-
rives at an entropy of 0 or reaches the optimum. The num-
ber of function evaluations is counted until the algorithm
reaches all ones. For population sizes less than 64 there is
an incremental increase in the number of function evalua-
tions (see Figure 4), entropy values range, on average, un-
der 0.988. For population sizes less than 30 (entropy values
less than 0.976), it is possible that the algorithm diverges

3 At population size 342 the average entropy value is 0.997, a value that
could be considered near to 1, which is the optimum.
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Figure 5. Equation 4 with Fitness Set to 75
when #Ones < 75. Distribution of Number of
Ones for Population Size 100 on 30 runs.

for some seeds. For example, tests with seed 1 and popula-
tion sizes 20 and 22 have taken the algorithm more than 4
trillion function evaluations without converging.

For the deceptive function used in Equation 4, note the
same tendency in the number of function evaluations as with
the one-max function (see Figure 7). For population sizes
less than 64 (entropy value 0.988) it is possible that the al-
gorithm expends a lot of function evaluations, and for pop-
ulation sizes less than 22 (entropy value 0.96634) it is pos-
sible that the algorithm diverges with the parameters pre-
viously defined. For population size 20, for example, the
algorithm performed more than 44 million function evalua-
tions without reaching an optimum.

As stated in Section 4.3, for deceptive functions it is
unlikely the GA will climb to the global optimum, unless
there are some individuals to compete with the ones in the
neighborhood of 50. If, for example, we think of the prob-
ability of having an individual with 75 ones in a 100 pop-
ulation, 0.0004974% is obtained as an upper bound, i.e.,
0.004974% in a population of 1,000, 0.02487% in a popu-
lation of 5,000, 0.4974% in a population of 100, 000 and so
forth. In order to confirm the last statement, one finds the
maximum number of ones generated in the first generation
for a population of size 1,000, 000 taking into account 30
seeds. The max(max) was 75. (See Figure 6 for the distri-
bution of max(max) in the first generation). The first chro-
mosome with length 75 appears in a population of 600, 000
and it is in great disadvantage compared with all the chro-
mosomes because their fitness value is just 0.
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6. Possible Solutions

Equation 4 and variants such as Equations 5 and 6 do not
reach a global maximum in affordable computation time for
the test set established in this empirical study. Equation 4
has a great attraction towards the local minimum. Equa-
tion 5, has a constant for #Ones < 75, and consequently
and no way to determine the “good” individuals in that re-
gion. Figure 5, besides showing Equation 5, shows the con-
centration of chromosomes around the center for a uniform
randomly distributed initial population. Equations 5 and 6
have a discontinuity at 75, making some individuals in the
range of #Ones > 75 at a disadvantage in fitness value
compared with the ones at #0Ones < 75.

Another factor that directly influences the convergence
to the global optimum is the initial distribution of individ-
uals around the center (see Figure 5). This distribution in
the initial population marks a locality in the search space
that is difficult to resolve with GA operators for these type
of fitness landscapes. If two individuals whose genes have
been generated uniformly randomly (around the center) are
selected to cross over, it is expected that their offspring are
going to be around the center too. Selection chooses the
best, and this is true for the case of Equations 4 and 6, but
in those cases the gravity is around the local minimum; for
the case of Equation 5 there is almost no attraction at all.

To address these problems, changes can be proposed in
almost all GA parameters and operators. However, as this
article focuses on the initial population, our approach here
looks principally at the distribution of the initial population.
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Figure 7. Population Size vs. Av. Function
Evaluations. Population size > 30 and < 342.
Equation 4. Average on 30 seeds.

6.1. Uniform Distribution

As stated before, the initial random generation of
#Omnes is uniform, i.e., each chromosome has on average
50 ones and 50 zeroes. There is, then, no uniform distri-
bution of individuals all across the fitness landscape, i.e.,
between 0 and 100, so that some “good” individuals can
climb to the global maximum.

For this test, 100 individuals were generated taking into
account the fitness landscape as shown in Figure 8. A “+”
corresponds to individuals uniformly generated according
to the fitness landscape and “x” corresponds to genes uni-
formly generated in the population. Tests were performed
30 times with 100 individuals each time. 19 zeros and 17
hundreds were obtained in the 3, 000 initial individuals gen-
erated. The entropy measure increases for all population
sizes above 40 when a uniform fitness landscape distribu-
tion is used compared with a random gene distribution.

For Equation 4, the GA obtained the global maximum
13 times, the local maximum 12 times, and values between
92 and 96 5 times. On average it obtained a 88.93 solu-
tion quality (with stdv = 11.81) using on average 742.10
function evaluations. The quality of the solution improved
as shown in Figure 9 compared with Figure 2. Equations 5
and 6 may not converge with the current set of parameters.
For Equation 5, the 75% that dominates, with a fitness value
of 75 dominates 18.75% more, so just 6.25% of the seach
space can compete with the rest. For Equation 6, the same
thing happens. For Equation 5 the selection pressure was
changed from S}, = 2 to S, = 8 (the selection pressure was
increased until all runs converged or the diversity was equal
to zero). In this case, 25 global maximums were obtained,
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no local maximum was obtained, and 5 times it reached val-
ues between 92 and 96. On average, the quality of the so-
lution was 98.93 (with stdv = 2.55) and 235.80 function
evaluations. For Equation 6, a selection pressure of 7 was
needed for the GA to reach the global maximum in all runs;
it spent on average 246.00 function evaluations.

6.2. Artificial Insemination

For deceptive functions like Equation 4, or with a great
valley as in Equation 5, or with discontinuities like Equa-
tions 5 and 6, there may not be fit individuals when their
genes are uniformly random. Therefore, we propose the use
of artificial insemination, which means the insertion of one
or more fit individuals into the current population—when
one or some of those are known.

We use an artificial population of 5 individuals with 94
alleles of type 1 (just at the point where individuals can
compete) and one is randomly selected and crossed over
with a probability of 25%. So, 75% of crossovers are ex-
pected to be between two individuals normally selected, and
25% between one belonging to the artificial population and
one selected normally.

For Equation 4, the GA found the global maximum
13 times. It had an average solution quality 85.83 (with
stdv = 12.6) and spent 173,682.96 function evaluations
(with stdv = 217,073.91). For Equation 5, the GA al-
ways found the global maximum; it had an average of
5,334.33 function evaluations (with stdv = 1,393.65).
For Equation 6, the GA always found the global maxi-
mum; it had on average 2, 385.86 function evaluations (with
stdv = 257.75).
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Figure 9. Entropy Measure vs. Average
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7. Conclusions and Future Work

In this article some case studies were presented regard-
ing the influence of diversity in the performance of GAs.
The case of the error-coding examples [19], could be seen
in two ways. As a counter example to random initial pop-
ulations, in the sense that the error-coding population was
structurally generated, and as a perfect example of diver-
sity because the error-coding has “optimum” diversity val-
ues according to the metrics presented in Section 3. It seems
that for small populations it may be better to generate struc-
tured chromosomes than random ones [19], and diversity
can help to measure how structured the initial population is.

For the cases of the one-max function and deceptive
function as in equation 4, it is highlighted that a minimum
initial population is needed in order to converge—in our ex-
perimental set up we obtain 30 individuals, i.e, an average
entropy of 0.97—however, there is approximately an opti-
mum size in the neighborhood of 100 for the one-max func-
tion [10] and 64 for the deceptive one, in the sense that, usu-
ally, fewer individuals or more individuals than that neigh-
borhood can cost more function evaluations to reach an op-
timum (global for the case of the one-max and local for the
case of the deceptive function) or the divergence of the al-
gorithm (see Figures 4 and 7).

Deceptive Equation 4 and its variants presented in Sec-
tion 4.3 show a drawback in the random generation of the
initial population, in the sense that if almost all chromo-
somes are going to be in the same neighborhood, i.e., where
a local maximum is located, the GA is going to be trapped



in it (see Figure 5). This fact enforces the hypothesis that if
there is no “good” diversity in the search space, it is possible
for the algorithm to diverge or find a poor solution. How-
ever, this does not imply, in general, that a higher diversity
automatically gives us a better performance in GAs. This
is a natural consequence of the “optimal neighborhood” of
population size where fewer or more individuals than the
“optimal” can cause the algorithm to diverge, expend more
computations, or find poor solutions. Figure 6 shows us the
paradox: it is possible that not even with 1,000, 000 indi-
viduals in the population will the GA reach the global opti-
mum because at that population size the maximum number
of ones obtained in the chromosomes are less than or equal
to 75, exactly where the inflexion or discontinuity occurs.
Neither the crossover and mutation operators, nor the selec-
tion pressure, could produce the necessary changes to reach
the global optimum when the population was created using
random generation of genes. In order to get out of the trap,
the initial random generation had to be changed taking into
account a uniform distribution of fitness values in conjunc-
tion with a higher selection pressure.

One important topic not covered in the present study, is
the computational complexity spent in the calculation of di-
versity. For the metrics presented in Section 3, the computa-
tional complexity is O(N1). This is the cost of the analysis
when the metric approach suggested is used.

This article was focused on the importance of the input
for GAs; however, it should be taken into account that the
setting of the rest of the GAs’ parameters influence the per-
formance of the algorithm as well.
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