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ABSTRACT

When an optimization problem is encoded using genetic al-
gorithms, one must address issues of population size, cross-
over and mutation operators and probabilities, stopping cri-
teria, selection operator and pressure, and fitness function
to be used in order to solve the problem. This paper tests a
relationship between (1) crossover probability, (2) mutation
probability, and (3) selection pressure using two problems.
This relationship is based on the schema theorem proposed
by Holland and reflects the fact that the choice of parameters
and operators for genetic algorithms needs to be problem
specific.

Categories and Subject Descriptors

1.2.6 [Artificial Intelligence]: Learning—parameter learn-
mng

General Terms

Algorithms, Experimentation, Measurement, Performance,
Theory, Verification

Keywords

Performance Analysis, Empirical Study, Evolution Dynam-
ics, Genetic Algorithms, Theory, Working Principles of Evo-
lutionary Computing, Parameter Tuning, Schema Theorem

1. INTRODUCTION

This paper looks at three genetic algorithm (GA) parame-
ters: (1) crossover probability, (2) mutation probability, and
(3) selection pressure. Through an empirical study based on
Holland’s schema theorem [11] we demonstrate that these
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parameters are interdependent and should be selected in
conjunction with one another rather than selected indepen-
dently.

The crossover operator combines portions of existing chro-
mosomes with one another to create new chromosomes that
are potentially more fit. However, crossover can often be
destructive, that is, result in new chromosomes that are less
fit than the originals. Similarly, the mutation operator gives
the possibility of local changes that can improve fitness and
also increase diversity at the level of the allele. However,
mutations can also be destructive. Because crossover and
mutation can be either constructive or destructive, a GA
with just crossover and mutation would be a random walk.

Selection is the operator that drives the search for pos-
sible solutions. However, high selection pressure may cause
the algorithm to converge prematurely to a suboptimal solu-
tion while low selection pressure may cause the algorithm to
waste resources by repeatedly cycling over the same poor-
quality solutions [1]. Furthermore, what constitutes high
and low selection pressure cannot be stated independent of
the crossover and mutation probabilities used nor can it be
stated without considering characteristics of the particular
optimization problem to be solved using the GA.

Given this, the question becomes how one should set selec-
tion pressure (sp), probability of crossover (p.) and proba-
bility of mutation (p.,) so that a GA can function effectively
for a particular problem. While a method for choosing exact
values of these three parameters remains elusive, we propose
in this paper the use of a formula based on the schema the-
orem to find ranges of possible values for these parameters
that are likely to help a GA to obtain better solution quality
within a given number of evaluations.

2. THE SCHEMA THEOREM AND THE
TRIPLE PARAMETER HYPOTHESIS

A schema & represents a set of n(&, ¢) chromosomes at step
t in the evolutionary process. A schema is characterized by [,
the length of the chromosome; h(€), the number of defining
bits of the schema which indicates the number of bits that
must have particular values for the schema to be instantiated
by a given chromosome; and d(§), the distance between the
defined bits that are farthest apart. For example, if one has
a binary GA (which has bits for alleles, that is, allele values
0 or 1) and £ = 1**0* (where ‘*’ indicates an undefined bit,
that is, where the allele value could be either 0 or 1 and still
fit the schema), then I =5, h(§) = 2, and d(§) = 3.



The schema theorem is simplified by Goldberg and Sas-
try [9] to be equivalent to
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where E(£,¢ + 1) is the expected number of schema & at
step t + 1, d(£)/(I — 1) corresponds to the probability of
disruption of schema & due to crossover, s, is the selection
pressure which plays the role of fi¢(t)/f(t) with fig(t) the
mean fitness value of schema &, fi(¢) the mean fitness value
of all the chromosomes in the population, and n(,t) is the
number of elements in schema & at step ¢. Note that n(¢,t)
in Equation 1 should be greater than or equal to 1 for target
schema &1, which correspond to maximally fit solutions. In
order to obtain a non-decreasing number of such schema,
Equation 1 should satisfy

(1 —pcld(_—f)l) 21 (2)

as pointed out by Goldberg and Sastry [9], which gives an
upper bound on the probability of crossover with respect to
selection pressure of

with s, > 1.

Building on this, the equation central to this paper (de-
rived previously [7]), which takes into account mutation
probability, is
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with pmh(§) # 1, pm > 0, pm =~ 0, and h(§) > 1. Clearly,
d(§) and h(§) depend on £ which in turn depends on the
problem being encoded for application of the GA, as does
[. This is as it should be, as no one would expect a sin-
gle set of parameters to be preferable for all optimization
problems [19].

The limits on the parameters for Equation 4 should be
noted, particularly those for p,, and sp. In this formulation,
sp = 1 would indicate that the schema in question is no more
likely to be selected than any other schema (that is, there
is no selection in favor of the preferred schema to drive the
evolutionary process), and s, < 1 would indicate selection
against the schema in question, so it is necessary to require
sp > 1.

Similarly, pm,» = 0 would mean that we run the risk of
never generating chromosomes that match the schema in
question. For example, if we have a specific gene that has
an allele value of 1 for all chromosomes in a population,
then neither cloning a single chromosome nor crossing over
chromosomes with one another can change that value. If a
value of 0 is required for that gene for £, our GA will never
find it using only cloning and crossover. Mutation, then, is
the only operator that can change the value of that gene' (in
this case to 0) so we cannot allow p,, = 0. However, there
is no similar limit on pc. It is true that if p. = 0, then only
mutation can change chromosomes, which may limit a GA’s
ability to extract itself from local maxima. However, such
extraction is not impossible, just unlikely, and then only if

!This assumes one is not using inversion or any other non-
standard GA operator.

Pm is small. Since p,, < 0 and p. < 0 are nonsensical, it is
necessary to require p,, > 0 and p. > 0.

Based on Equation 4, we put forth the following hypoth-
esis:

TRIPLE PARAMETER HYPOTHESIS Let U be a set of triples
(Sps Pe, Pm) that satisfy Equation 4 and V' be a set of triples
(Sp, P, D) that do not satisfy Equation 4. Then X(G,U) >
X(G,V) where X(G,S) is the expected performance mea-
sured as the mean expected solution quality after a given
number of generations of a genetic algorithm G using the
parameters in set S.

3. EXPERIMENTAL APPROACH

To give the triple parameter hypothesis a rigorous test,
we chose two very different optimization problems to which
to apply it, as well as parameter sets similar to those seen in
practical GA applications and existing GA research [3, 13].

3.1 Problems Tested

The two optimization problems we selected are: (1) the
well-known one-maz problem [13] and (2) the mathemati-
cally interesting snake-in-the-box problem [3, 4, 5, 6, 7, 17].
The former problem is, of course, an extremely simple toy
problem while the latter is a highly challenging problem with
real-world applications [3, 4, 5, 6, 7, 17].

These two very different problems were selected in or-
der to test the hypothesis under very different conditions.
Specifically, the one-max problem is an example of a small-
schema problem as each bit contributes to the solution inde-
pendently?, whereas the the snake-in-the-box problem is an
example of a large-schema problem since the bits define an
an open, connected, chord-free path in a hypercube, which
means that a change in one bit impacts the overall possible
valid paths in complex ways [3, 4, 5, 6, 7, 17].

For the snake-in-the-box problem, three different cases are
considered:

1. when the initial population is generated randomly,

2. when the initial population is seeded with one half of
its members containing {7 and the other half generated
randomly, and

3. when the entire initial population is seeded with &7.

These three cases were considered in order to determine if
the number of target schema present in the population af-
fects whether the triple parameter hypothesis holds. In all
three cases we embed a maximal-length snake from the next
lower dimension in the lower half of the hypercube, as is
common when applying GAs to the snake-in-the box prob-
lem, so it should be noted that it is only in the upper half
of the hypercube that the cases apply.

3.2 Triple Sets Used

The parameter ranges used in our experiments were 2 <
sp < 6 with step size 1 which gives 5 possible values for
selection pressure, 0.004 < p,, < 0.018 with step size 0.002

2While some might object to the overuse of toy problems
such as one-max in GA research, it should be noted that
there is no way to formulate a small-schema problem that is
not, in essence, a toy problem. Small-schema problems are
inherently easy to solve.



which gives 8 possible values for probability of mutation,
and 0.0 < p. < 1.0 with step size 0.1 which gives 11 possible
values for probability of crossover. All combinations of these
values gives 440 triples to divide between sets U and V.

These ranges were selected to ensure broad and uniform
coverage of parameter triples that satisfy Equation 4 (set
U) while restricting parameter values to “reasonable” values
for the triples that do not satisfy Equation 4 (set V') and
providing roughly the same number of samples from each
set for both problems to ensure the appropriateness of our
statistical hypothesis testing methods.

Consider probability of mutation p,,. As discussed pre-
viously (Section 2), p, = 0 would not satisfy Equation 4
because of the limit placed on such values to ensure cover-
age of the search space. However, if we were to select triples
that include p,, = 0 in our test set V', we would bias our
experiments towards concluding that the triple parameter
hypothesis is true (but perhaps only for uninteresting cases
of V). Likewise, if we were to include probability of mu-
tation values in the range 0 < p,, < 0.004 this would add
many more triples to the set U than V for the one-max prob-
lem (since all these triples would belong to set U for that
problem) whereas a sound statistical analysis of our results
requires us to have a similar number of values in each set for
both problems (one-max and snake-in-the-box).

As for the upper range of p.,, we could have chosen large
pm values, such as p,, = 0.5 or even p,, = 1.0 for V, since
these would not satisfy Equation 4. However, such extremely
high mutation rates would not be expected to lead to good
GA performance, since even without knowledge of Equa-
tion 4 most practitioners and researchers would realize that
extremely high mutation rates could overwhelm selection.
So, to provide the hardest possible challenge to the triple
parameter hypothesis, we chose p,, values for V' just beyond
those that belong to U. These are values that practitioners
and researchers lacking knowledge of Equation 4 might well
select. For example, for one-max we estimated h(§) = 50 be-
cause initially the population is generated randomly, i.e., it is
expected that there are approximately 50 ones and 50 zeros
in each chromosome. If p. = 0 and s, = 2 then p,, = 0.01 is
the maximum value for points that satisfy Equation 4 and,
at the same time, it is the lower bound for points that do not
satisfy Equation 4. If p. = 0 and s, = 6, then p,, = 0.017
is upper bound for points that satisfy Equation 4 and the
lower bound for points that do not. So, we chose the range
for pn, in our experiments to be 0.004 < p,, < 0.018 with
step size 0.002 which means for p. = 0 and s, = 2, U takes
the lowest four p,, values and V takes the next four with
no gap between them. Similarly, for p. = 0 and s, = 6, U
takes the lowest seven p,, values and V takes the remaining
one, again with go gap between them.

Similarly, as discussed previously (Section 2), selection
pressure s, must be greater than 1 in order for a GA to
perform better than a random walk. So, while we could
have chosen to include triples with s, = 1 in V, this would
not have provided a sufficient challenge to our hypothesis to
ensure that our results are useful.

Plugging the 440 triples provided by the selected ranges
for pc, pm, and s, into Equation 4 gives us 297 triples in U
and 143 triples in V for the one-max problem and 167 triples
in U and 273 triples in V for the snake-in-the-box problem.
Note that the number of triples in each set differs between
the two problems, since one is a short-schema problem and

the other is a long-schema problem. As discussed previously
(Section 2), this is as one would expect, since different pa-
rameter sets are appropriate for different problems [19] and
Equation 4 is, correspondingly, problem-specific.

One may also note that the numbers of triples in each set
is not the same within either problem. Further, for one-max
|[U| > |V| whereas for the snake-in-the-box problem |U| <
|V|. This is also because one is a short-schema problem and
the other is a long-schema problem which means that we
cannot have |U| = |V/| for both problems and also use the
same parameter sets for both. Note, for example, that if
we extend the range of one parameter to increase |V| for
one-max, we will also necessarily increase |V| for the snake-
in-the-box problem. However, what is important to note
here is that this imbalance in set size is not large enough to
invalidate our statistical analysis.

3.3 Operators and Other Parameters

A chromosome A needs to be selected in order to undergo
reproduction. The selection operator, then, gives the pres-
sure that pushes the population toward including increas-
ingly more of the fittest chromosomes [1] using as a measure
the payoff pi(A) [11]. Various selection operators have been
proposed, including proportional probability selection and
tournament selection [14].

The selection operator that most closely follows Holland’s
ideas is proportional probability selection in which a chromo-
some’s probability of selection is proportional to its fitness
u(A) relative to the fitness of the other chromosomes in the
population. That is, if the population at time ¢ is A(¢), then
structure A € A(t) can be chosen with a probability equal to
w(A)/ > p(Aq) for all Ai(t) € A(t) [1]. An alternative is g-
tournament selection in which ¢ chromosomes A;(t) € A(t)
are chosen randomly, each with equal probability, and the
one that has the greatest fitness value u(A;) among those ¢
is the one that is selected for reproduction.

In this paper we use g-tournament selection because it
provides the ability to control selection pressure. With pro-
portional probability selection, as the algorithm iterates it
is expected that selection pressure will decrease because the
algorithm looks for the fittest chromosomes which begin to
dominate. That is, fie,(t)/f(t) will tend toward 1 as &r
comes to dominate the population, converging to 1 if all
chromosomes in the population instantiate &r. With ¢-
tournament selection, the selection pressure is even over all
iterations (with the possibility that if an algorithm needs a
higher or lower selection pressure, then g can be increased
or decreased accordingly).

Following selection comes reproduction. Here we have
chosen a standard generational approach wherein all indi-
viduals in generation g are the result of reproduction of
individuals found in generation g — 1 (except for the ini-
tial generation, which is generated randomly and/or seeded
with particular chromosomes). A selected chromosome may
reproduce through crossover (with probability p.) or cloning
(copied without crossover with probability 1 — p.). Just as
there are various selection operators, there are various cross-
over operators available. For operating on fixed-length chro-
mosomes, crossover operators include one-point, two-point,
n-point, and uniform crossover [14]. Here we use one-point
crossover, in order to follow the analysis of Holland [11], al-
though extensions to Holland’s analysis could be followed
for other forms of crossover (e.g., [18]).



Following reproduction, mutation may take place. With
binary GAs, mutation only has the possibility of converting
one or more bits to the opposing value (0 to 1 and/or 1
to 0) but how those bits are chosen provides for different
mutation operators [14]. Here we select bits for mutation
individually at a rate reported as p,, and if a bit is selected
for mutation, its value is changed to the opposing value,
which follows Holland’s analysis as well [11].

3.4 Problem-Specific Parameters

Besides the triple parameters under investigation in this
research, other parameters need to be specified in order to
run the GA. We chose to follow parameters suggested in the
literature by other authors so as not to bias our results in
favor or against the three parameter hypothesis.

For one-max we set population size N = 100, chromosome
length [ = 100, and stop criteria to be when the GA reaches
the global maximum or a maximum of 20 generations. A
similar set of parameters was suggested by Lobo and Gold-
berg [13]. They found that the algorithm usually converges
to the global maximum in 25 generations. We reduced the
number of generations to 20, in order to see the effect of sp,
De, and p, (avoiding ceiling effects) while keeping all other
parameters the same.

For the snake-in-the-box problem we chose to look at an 8-
dimensional hypercube which means that the chromosome
length is 2% bits. Within that hypercube we embedded a
maximal-length (50 link) snake from a 7-dimensional hyper-
cube. We set population size N = 1,000 and stop criterion
to be when the GA finds a maximal-length snake in 8 di-
mensions or a maximum of 100 generations. A similar set
of parameters was suggested by Bitterman [3]. We only re-
duced the number of generations to 100 in order to see the
effect of sp, pe, and py, (avoiding ceiling effects).

3.5 Data Collection and Analysis Methods

To collect sufficient data for a meaningful statistical anal-
ysis, we run the GA 10 times for each triple in U and V,
recording the best solution found in the last generation for
each run. We then calculate the mean, standard deviation,
maximum, minimum, and quartiles for the sets U and V,
and perform both Kolmogorov-Smirnov (K-S) and analysis
of variance (ANOVA) tests on the data. Sets U and V are
compared using the K-S test in order to corroborate that
the two sets U and V belong to statistically different dis-
tributions and the ANOVA test checks the impact of each
parameter Sp, pc, and p,, independently, in pairs, and the
three together, on the quality of the solution.

The ANOVA test shows the effect of the independent vari-
ables over the dependent variable, as well as if there are
some interactions of the independent variables that affect
the dependent variable. In order to perform the analysis of
variance, it is useful to define a focal independent variable,
a first order moderator independent variable, and a second
order moderator independent variable [12]. It is a common
belief that the crossover operator is the principal factor of
influence in GAs and that the mutation operator is a back-
ground operator [11]. So, we propose the crossover operator
as the focal independent variable, the mutation operator as
the first order moderator, and the selection pressure as the
second order moderator. This helps us to analyze the three
way interaction that could exist between crossover, muta-
tion, and selection pressure.

4. RESULTS

All results for both optimization problems, including all
three cases for the snake-in-the-box problem, are consistent
with the triple parameter hypothesis.

4.1 Results for One-Max

Table 1 shows the mean, standard deviation, maximum,
minimum, and quartiles for sets U and V. All three quartiles
were higher for U than for V. The p value of the K-S test
was 9.0774° the H value was 1, and the D value was 0.22
showing that the two data sets differs significantly. Figure 1
shows that U outperforms V.

Table 2 shows the ANOVA results for this hypothesis.
Each operator, pc, pm, and s, independently; each pair of
operators; and the three operators together, have a statis-
tically significant impact on the quality of the solution at
much greater than the 95% confidence level. Clearly s, mod-
erates the impact of p,, on the relationship between p. and
the quality of the solution.

Data Set Mean | Stdv. | Min | Q1 | Q2 | Q3 | Max
U (satisfies Eq 4) 87.39|5.27| 70 [ 84|88 |91 | 98
V (does not satisfy Eq 4) || 85.20 | 5.16 | 73 [82[85 |89 | 96

Table 1: Statistics for one-max.

Figure 1: Empirical cumulative distributions of U
and V for one-max where r corresponds to fitness.

Source Sum. Sq.|d.o.f.| Mean Sq. F Prob > F
Pm, 1,115.4 7 159.3 9,225.38 0
Pe 57,486.3 | 10 5,748.6 |332,815.17 0
Sp 54,477.6 4 13,619.4 |788,491.73 0
Pm * Pc 2,605.1 70 37.2 2,154.63 0
Dm * Sp 1,674.1 28 59.8 3,461.53 0
De * Sp 1,186.5 40 29.7 1,717.35 0
P * Do % 5p || 6,327.8 | 280 | 226 1,308.38 0
Error 68.4 3,960 0 - -
Total 124,941.3 (4,399 - - -

Table 2: ANOVA for one-max.



4.2 Results for Snake-in-the-Box

Tables 3, 4, and 5 show the mean, standard deviation,
maximum, minimum, and quartiles for both data sets for
each case. The corresponding K-S test results are: case 1
p < 5507282 D = 0.557; case 2 p < 1.787292, D = 0.568;
case 3 p < 4.477%°* D = 0.569. This shows that in all cases
the data sets U and V are statistically significantly different.
Figures 2, 3, and 4 show that U outperforms V for all cases.

[ Source  [Sum. Sq.[d.o.f.[Mean Sq.] F [Prob> F]
DPm 238,216.4( 7 34,030.9 | 869.8 0

De 3,981.6 10 398.2 10.18 0

Sp 198,001.4| 4 49,500.4 |1,265.19 0
i 78706 | 70 | 1124 | 2.87 0

Dm * Sp 21,737 28 776.3 19.84 0

De * Sp 2,807 40 70.2 1.79 0.0016
Do % pe ¥ 5p || 12,186.2 | 280 | 435 111 | 0.1035
Error 154,934.6 | 3,960 39.1 - -
Total 639,735.2 4,399 - - -

Data Set [[ Mean| Stdv. [ Min]| Q1 [Q2]Q3 [ Max]

U (satisfies Eq 4) 55.92 |11.67| 1 53 |56 | 61| 76

V' (does not satisfy Eq 4) [ 38.80 [19.41| 1 [29.5]49|52| 75

Table 3: Statistics for snake-in-the-box case 1.

Data Set Mean | Stdv. | Min |Q1 [ Q2 | Q3 | Max
U (satisfies Eq 4) 57.07| 740 | 1 [53[56[61] 79
V (does not satisfy Eq 4) [ 45.09 [11.62 1 [39[49[52| 71

Table 4: Statistics for snake-in-the-box case 2.

Data Set Mean | Stdv. | Min | Q1 | Q2 | Q3 | Max
U (satisfies Eq 4) 57.31|7.61| 1 [53[56[61| 79
V' (does not satisfy Eq 4) [ 44.95[11.88] 1 [39[49[53]| 70

Table 5: Statistics for snake-in-the-box case 3.

Table 6 shows ANOVA results for case 1. There is a sta-
tistically significant impact of each operator alone, and pair-
wise in the quality of the solution, but not of the three op-
erators together.

[ Source | Sum. Sq. [d.o.f.[Mean Sq.| F [Prob> F|
Dm 454,114.9 7 64,873.6 |433.92 0

Pe 3,294 10 329.4 2.2 0.0151
Sp 327,984.6 4 81,996.1 | 548.45 0

Pm * De 15,165.7 70 216.7 1.45 0.009
P ¥ 5p 112,379 | 28 | 4,0135 | 26.85 0

Pc * Sp 10,007.4 40 250.2 1.67 0.0051
Dm * Dc * Sp 43,609 280 155.7 1.04 0.3101
Error 592,037 |3,960| 149.5 - -
Total 1,558,591.6 (4,399 - - -

Table 6: ANOVA for snake-in-the-box case 1.

Table 7 shows ANOVA results for case 2. There is a statis-
tically significant impact of each operator alone, pair-wise,
and all the three together on the quality of the solution.

[ Source  [Sum. Sq.[d.o.f.[Mean Sq.] F [Prob> F]|
Dm, 217,740.3( 7 31,105.8 | 915.44 0

Pe 2167 10 216.7 6.38 0

Sp 188,113.7| 4 47,028.4 |1,384.04 0

Dm * Pe 7,274.7 70 103.9 3.06 0

P * 5p 21,2340 | 28 | 7584 | 22.32 0

Pc * Sp 4,552.3 40 113.8 3.35 0

Do % po * 5y || 13,3255 | 280 | 47.6 14 0
Error 131,566.9(3872| 34 - -
Total 583,200.1 4,311 - - -

Table 7: ANOVA for snake-in-the-box case 2.

Table 8 shows ANOVA results for case 3. There is a sta-
tistically significant impact of each operator alone, and pair-
wise in the quality of the solution, but not of the three op-
erators together.

Table 8: ANOVA for snake-in-the-box case 3.

09r

0 10 20 30 40 50 60 70 80

Figure 2: Empirical cumulative distributions of U
and V for snake-in-the-box case 1.

Figure 3: Empirical cumulative distributions of U
and V for snake-in-the-box case 2.

Figures 5 to 9 show crossover and mutation probability
versus mean solution quality for different selection pressures
for snake-in-the-box case 1.



Figure 4: Empirical cumulative distributions of U
and V for snake-in-the-box case 3.
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Figure 5: p. and p,, vs. solution quality with s, =2
for snake-in-the-box case 1.
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Figure 6: p. and p,, vs. solution quality with s, =3
for snake-in-the-box case 1.
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Figure 7: p. and p,, vs. solution quality with s, =4
for snake-in-the-box case 1.
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Figure 8: p. and p,, vs. solution quality with s, =5
for snake-in-the-box case 1.
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Figure 9: p. and p,, vs. solution quality with s, =6
for snake-in-the-box case 1.



S. DISCUSSION

It has been common practice to use a default set of param-
eters for GAs, or, in some cases a trial and error procedure is
used [8]. More recently, approaches that systematically test
parameter sets have been proposed [2, 15]. Nonetheless, pa-
rameter tuning remains a substantial problem for researchers
in evolutionary computation [16]. The hypothesis tested in
this paper addresses this problem and uses a relationship be-
tween pe, pm, and s, as in Equation 4 [7]. Equation 4 shows
that the selection of pc, pm, and s, depends on the problem
itself (I, d(¢), and h(§)) and that there is an interrelation
between pc, pm, and s, that could affect the quality of the
solution.

Equation 4 was derived from the schema theorem as de-
scribed in previous work [7], where it is expected that the
number of target schema &r at step t is not going to de-
crease at step ¢t + 1. It is very unlikely that &r is present
in the initial population for all but trivial problems, so the
GA has to build it progressively at each time step. However,
in the building process, destructive factors occur owing to
crossover and mutation, so the probabilities of crossover and
mutation should be such that they minimize that destruc-
tive effect to a level that allows quality chromosomes to be
accumulated through selection. This is what the triple pa-
rameter hypothesis is proposing with Equation 4. However,
an optimal setting of parameters for GAs is very difficult to
find [8] so the triple parameter hypothesis proposes some-
thing more modest: a set U of possible values from which
to draw values for the triple parameters of pc, pm, and sp,
based on the optimization problem to be solved.

Two problems were chosen to test this hypothesis: the
one-max problem and the snake-in-the-box problem. The
one-max problem is such that the schema under consider-
ation is small (d(ér) = 1) compared to the chromosome
length (we chose [ = 100) and the snake-in-the-box-problem
in a 8dimensional hypercube is such that the schema could
be considered long (d(¢7) = 110) relative to the chromosome
length (I = 127) for an 8-dimensional hypercube because a
50-link snake that begins at node 0 and finishes at node 110
was embedded in the lower hypercube. The algorithm needs,
then, to preserve the sub-snake given and look at the 128
nodes of the upper hypercube to complete it.

The set of triples (pe, pm, Sp) chosen to perform the tests of
specific hypotheses were such that there is almost no bound-
ary between the points that satisfy Equation 4 (set U) and
the points that do not satisfy Equation 4 (set V'), which en-
sures a very challenging test of the hypothesis. The probabil-
ity of crossover could be set in the full range 0.0 < p. < 1.0.
The probability of mutation began at 0.004 because for the
case of the one-max problem all the points with p,, < 0.004
belong to set U (330 in total independent of p. and sp),
and we wish to have sets of approximately equal size. For
example, for s, = 2, the points that belong to V begin at
pm = 0.010, so the range for p,, was between 0.004 and
0.018.

For the one-max problem, as the schema is small, it is
expected that the crossover operator is not destructive. This
fact is so strong that the algorithm performs quite well with
pe high in both sets U and V. However, on average set U
that obeys Equation 4 outperforms set V' that does not obey
Equation 4 as is shown in Table 1 in Section 4.1.

Table 2 in Section 4.1 shows the ANOVA results for the
one-max problem. Each operator p., pm, and s, alone; each

pair-wise set of operators; and the three operators together
impact the quality of the solution and s, moderates the
impact of p,, on the relationship between p. and the quality
of the solution.

For snake-in-the-box case 1, where there is no presence
of &r, sp plays its roll where it is more beneficial for the
GA to have higher selection pressures for both sets U and
V' (see Figure 5 for selection pressure of 2 and Figure 9 for
selection pressure of 6). Theoretically, p. should be quite
destructive but initially {7 is not present, so p. plays its roll
of building £&r. However, it should be taken into account that
for 3 < s, < 6 on average the maximum solution quality was
obtained when p. = 0.0 and p», = 0.004 (a point belonging
to set U). Table 3 shows the statistics for set U and V. On
average, set U outperformed set V.

Table 6 shows the analysis of variance for snake-in-the-
box case 1. There is a statistically significant impact of
each operator alone and in pair-wise combinations on the
quality of the solution, but not the three operators together.
The ANOVA test shows, then, that the interaction effect
between sp, pc, and pn,, together on the dependent variable
is not statistically significant. It is possible that the cause
is that &r is not initially present so it is expected that the
majority of individuals are going to have approximately the
same fitness value. The effect is that the moderation of s,’s
on the impact of pp, on the relationship between p. and the
quality of the solution is not statistically significant.

For snake-in-the-box case 2, half of the initial population
definitely has &r and half are generated randomly. In this
case, the crossover operator could be destructive if an in-
stance of &7 is selected to mate with a chromosome that was
randomly generated. However, this possibility is reduced by
the fact that &r probabilistically tends to be selected (&1
is more fit) so & will often be crossed with £r. This time
again, on average the maximum mean solution quality was
obtained when p. = 0 and p,, = 0.004, and set U outper-
formed set V' as is shown in Table 4.

Table 7 shows the analysis of variance for snake-in-the-box
case 2. There is a statistically significant impact of each op-
erator alone, in pair-wise combinations, and all the three
together on the quality of the solution. The ANOVA test
shows, then, that there is a statistically significant correla-
tion between the operators pc, pm, and s, that impact the
quality of the solution, and it is possible that the cause is
that &7 is initially present. In this case, {7 competes with
different schema and the three operators pc, pm, and s, in-
teract together to impact the quality of the solution.

For snake-in-the-box case 3, where all individuals in the
initial population have {7, the disruptive factor of p. on &1
is not present. This does not mean that p. has no impact
on the solution quality because the algorithm nonetheless
has to look for a snake in the 8-dimensional hypercube that
contains the sub-snake given. This time again, on average
the maximum mean solution quality was obtained when p. =
0 and p,, = 0.004, and set U outperformed set V as is
shown in Table 5. For cases where {7 is already present,
the mutation operator could be quite destructive, such as a
change of a bit in the h(§) = 50 positions already defined
because of the embedded snake causes {1 to be destroyed.

Table 8 shows the analysis of variance for snake-in-the-
box case 3, where the initial population has £ in all chro-
mosomes. There is a statistically significant impact of each
operator alone and in a pair-wise combinations on the qual-



ity of the solution. However, there is no statistically sig-
nificant impact looking at the three independent variables
together. It is expected that if all the individuals already
have &7, then they are going to have the same fitness values,
making it harder for s, to moderate the impact of p,, in the
relationship between p. and the solution quality.

6. CONCLUSIONS AND FUTURE WORK

Numerous factors need to be set when solving a problem
with GAs including the fitness function®, population size,
selection operator and pressure, crossover probability, mu-
tation probability, and stop criteria. Setting of these factors
constitutes an optimization problem [6, 8]. Any set of these
factors can lead the algorithm to a different solution qual-
ity [10]. Therefore, it is expected that the time spent in
the selection of these factors could be compensated for in
the performance of the GA, where performance is measured
in solution quality and possibly in the number of genera-
tions to obtain a solution [8]. This is only an expectation,
of course, because GAs are, at bottom, a stochastic search
method which means that even using the same parameter
choices repeatedly will almost surely produce some variabil-
ity in the performance obtained. There is no guarantee,
then, even that the best parameter choices will outperform
the worst. Note, for example, that an optimal solution may
be present in the initial population regardless of parameter
setting. Better parameter choices can only be defined, then,
in terms of the probability of obtaining better performance.
What this paper provides is a guideline to help determine
whether one parameter triple is likely to provide better per-
formance than another.

The relationship between the elements of (sp,pc,pm) as
in Equation 4 in effect tested the schema theorem, which
usually is not considered in the design of GAs.

Future research includes empirically testing the triple pa-
rameter hypothesis using additional optimization problems,
defining schema diversity, investigating the use of new oper-
ators and the possible importance of the mutation operator
in the building of better solutions where the crossover op-
erator is quite destructive, the possible adaptation of the
triple (sp, pe, Pm) according to Equation 4 as the GA runs,
and including additional parameters such as population size
in the investigation.
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